We analyze the resistance between two notes in a cobweb network of resistors. Based on an exact expression, we derive the asymptotic expansions for the resistance between the center node and a node on the boundary of the M × N cobweb network with resistors r and s in the two spatial directions. All coefficients in this expansion are expressed through analytical functions.
Introduction
The classic problem in electrical circuit theory, first studied by Kirchhoff in 1847, is the calculation of the resistance between two arbitrary nodes in a resistor network [1] . Besides its long-standing importance in electric circuit theory, the computation of resistances is also connected to a wide range of problems as diverse as random walks [2, 3] , first-passage processes [4] , lattice Green's functions [5] and classical transport in disorder media [6] [7] [8] .
In 2004 Wu [9] derived a closed-form expression for the two-point resistance in terms of the eigenvalues and eigenvectors of the Laplacian matrix associated with the network. Quite recently, Izmailian, Kenna and Wu [10] revisited the problem of two-point resistance and derived a new and simpler expression for the resistance between two arbitrary nodes for finite networks with resistors r and s in the two spatial directions. The new expression was then applied to the cobweb resistor network [10] .
Essam and Wu [11] used one of the results [9] to derived the asymptotic expansion for the corner-tocorner resistance R(r, s) on an M × N rectangular resistor network under free boundary conditions. This was extended by Izmailian and Huang [12] to other boundary conditions. In recent decades the finitesize scaling and finite-size corrections in finite critical systems and their boundary effects have attracted much attention [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] . Of particular importance in such studies are exact results wherein the analysis can be carried out without numerical errors. In this paper we derive the exact asymptotic expansion for the resistance between the central node and a node on the boundary of the cobweb network. We show that this expansion can be written in the form
with h = s/r , S = (M + 1/2)N and ξ = (M + 1/2)/N . Note that, instead of the actual length M, we have use effective length (M + 1/2). All coefficients in this expansion (c(h), c 0 (h, ξ), c 2p (h, ξ)) are expressed through analytical functions. The computation of the asymptotic expansion of the resistance between two maximally separated nodes of a rectangular resistor network has been of interest for some time, as its value provides a lower bound to the resistance of compact percolation clusters in the Domany-Kinzel model of a directed percolation [31] .
The organization of this paper is as follows. Based on the exact expression for the resistance between arbitrary two nodes for finite cobweb resistor network obtained in [10] we express the resistance between the central node and node on the boundary of the network in terms of G α,β (h, M, N ) with (α, β) = (0, 1/2) (Sec. II). We then extend the algorithm of Ivashkevich, Izmailian and Hu [13] to derive the exact asymptotic expansions for the resistance between the central node and a node on the boundary of the cobweb resistor network and write down the expansion coefficients (Sec. III). Finally, we discuss our results in Sec. IV.
Two-dimensional resistor networks
The resistor network can be regarded as a graph consisting from T nodes and let R i,j = R j ,i be the resistance of the resistor connecting nodes i and j . Denote the nonzero eigenvalues and eigenvectors of the Laplacian of that network by λ i and Ψ i = (ψ i1 , ψ i2 , ..., ψ iT ), respectively. Then the resistance between nodes i and j can be written as [9] 
Let us consider the cobweb network. The cobweb lattice L cob is an M × N rectangular lattice with periodic boundary conditions in one direction and nodes on one of the two boundaries in the other direction connected to an external common node. Therefore there is a total of M N + 1 nodes. The example of an M = 3, N = 8 cobweb with resistors s and r in the two directions is shown in Fig. 1 . Topologically L cob is of the form of a wheel consisting of N spokes and M concentric circles. We use the term DirichletNeumann to describe the boundary conditions along the innermost apex and outermost arc. There has been considerable recent interest in studying the resistance in a cobweb network (see for example Refs. [10, 32, 33] ).
The closed-form expression for the resistance R(r 1 , r 2 ) between two arbitrary nodes r 1 = (x 1 , y 1 ) and r 2 = (x 2 , y 2 ) for the cobweb network was obtained in [10] . In what follows, we will show that the resistance R(O, A) between the central node O = (0, 0) and node on the boundary of the network A = (x, M) can be expressed in terms
2)
ω(y) = arcsinh h sin y (2.4) and the function f (y) is given by 
Cobweb network
The resistance between the central node O = (0, 0) and other node C = (x, y) of the cobweb network is given by (see second line of Eq. (33) of Ref. [10] )
where h = s/r and
Note that the result (2.6) is independent of the position x as it should be. In the special case of the resistance between the center O and a point A = {x, N } on the outer boundary of the cobweb network, we use y = M and obtain from (2.6) 
(2.10)
We can extend the summation over m in Eq. (2.10) from M − 1 up to 2M and obtain the expression
(2.11)
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The sum over m in the Eq. (2.11) can be carried out using the identity [12] 
(2.14)
Using identity 
Asymptotic expansion
In Sec. II we have shown that the resistance between the central node and node on the boundary of the cobweb resistor network can be expressed in terms of the function G 0,1/2 (x, M , N ) only, (see Eqs. (2.2)).
Using the method proposed in Ref. [13] , Izmailian and Huang [12] derived the asymptotic expansion of G α,β (M , N ) in terms of the so-called Kronecker double series [34] , which are directly related to elliptic θ functions. We next need the asymptotic expansion of G 0,1/2 (M , N ), which can be found in Appendix A.
After reaching this point, one can easily write down all the terms of the exact asymptotic expansion for the resistance between the central node and a node on the boundary of the cobweb network (R
cob (O, A)) using Eqs. (2.2) and (A.1). We have found that the exact asymptotic expansion of the R cob (O, A)
can be written as Eq. (1.1).
Asymptotic expansion for the resistance between the central node and node on the boundary of the cobweb network
For the cobweb network we obtain
Thus, the coefficients c 2p (h, ξ) (p=1,2,..) in the expansion (1.1) are explicitly given by
where the differential operators Ω 2p are given by Eq. (A.2) and K 0,1/2 2p (2i hξ) is Kronecker's double series which can all be expressed in terms of the elliptic θ k (2i hξ) (k = 2, 3, 4) functions only.
Here we list the first few coefficients in the expansion given by Eq. (1.1): To simplify the notation we have use the short hand
where τ 0 = 2ξ h.
We have also used the following relations between derivatives of the elliptic functions:
Note that elliptic functions θ 2 , θ 3 , θ 4 can be expressed through the complete elliptic integral of the first kind K = K (k) and second kind E = E (k) as
where 
Discussion
In the present paper, we study the two-point resistor problem on the cobweb network. Using the exact expression for the resistance between two arbitrary nodes for finite cobweb network obtained in [10] and the IIH's algorithm [13] , we derive the exact asymptotic expansion of the resistance between the central node and node on the boundary of the cobweb resistor networks. All coefficients in this expansion are expressed through analytical functions. 2M + 1, N ) The asymptotic expansion of G α,β (M , N ) for (α, β) (0, 0) has been obtained in Ref. [12] . Here we will reproduce the result of the paper Ref. [12] for the case (α, β) = (0, 1/2), M = 2M +1 and N = N . After little algebra the asymptotic expansion of G 0,1/2 (2M + 1, N ) can be written as
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where . . . 2p (τ) with p = 2, 3, 4, 5 and other useful relations for elliptic θ-functions and Kronecker's double series can be found in Refs. [13] [14] [15] [16] .
